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Abstract Let R C K be a GCD-domain. In this paper, Weinberg's conjecture 
on the n x n matrix algebra M n (R) (n > 2) is proved. Moreover, all the lattice 
orders (up to isomorphisms) on a full 2x2 matrix algebra over R are obtained. 
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1. Introduction 

Let A be a commutative /—ring and M n (A) be the n x n matrix ring over A. 
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Then M n (A) becomes an /—algebra over A with the usual lattice order associated 
to the positive cone P = M n (A + ), denoted by (M n (A), M n (A + )) (see [MR]). In 1966, 
Weinberg in [W] conjectured that, for any integer n > 2 and A = Q (the field of 
rational numbers), if M n (Q) is an /—algebra in which the identity matrix is positive, 
then (M n (Q),P) ^ (M n (Q), M„(Q+)). Also in [W] he proved that this conjecture 
is true for the case n = 2 and determined all but one of the lattice orders of M 2 (Q). 
Later, S. A. Steinberg studied Weinberg's conjecture over totally ordered fields (see 
[Stl]). In 2002, J. Ma and P. Wojciechowski proved Weinberg's conjecture over a 
totally ordered subfield of the real number field R (see[MW]). In 2007, J. Ma and 
R. H. Redfield proved Weinberg's conjecture over the ring of integers Z (see[MR]). 

Let R C K be a GCD-domain. In this paper, Weinberg's conjecture on the nxn 
matrix ring M n (R) (n > 2) is proved (see Theorem 2.4 in the following) using the 
procedures developed in [MR]. Moreover, all the lattice orders (up to isomorphisms) 
on a full 2x2 matrix algebra over R are obtained (see Theorem 2.5 in the following). 

2. Lattice-ordered matrix algebras M n (R) 

Let R C H. be a GCD-domain, i.e., a domain in which any two non-zero elements 
have a greatest common divisor (see [K]), and K be the field of fractions of R. Let 
M n (R) and M n (K) be the n x n (n > 2) matrix ring over R and K respectively. 
Now for the /—algebra (M n (R), P) with a positive cone P (see [Bi], [St2]), we denote 
P = {Ae M n (K) | kA e P for some < k G R}. Throughout this paper, P denotes 
a general positive cone on M n (R); P denotes the positive cone on M n (K) extended 
from P; P A = AM n (R + ) denotes a positive cone on M n (R) with A G M n (R + ); and 
P D = DM n (K + ) denotes a positive cone on M n (K) with D G M n (K + ) (see[MR], 
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[Stl]). We also denote the group of units of R by R x = {r G R : rt = 1 for some t G 
i?}. 

Proposition 2.1. If (M n (R), P) is an /—algebra over R, then, as an /—module 
over R, it has a t>/— basis with n 2 elements {B^ : 1 < i,j < n}, and there 
exist two non-singular matrices H G M n (K),D = (e^) G M n (iT + ), and a matrix 
C = (%') e ^n(-^ + \ { 0}), such that the following statements hold: 

(1) B tj = q^HDE^H- 1 (1 < i,j < n); 

(2) djrqijqrsq' 1 G R + (1 < i, j, r, s < n); 

(3) %5 rs = d jr q i:j q rs qr l B is (1 < i, j, r, s < n); 

(4) (Ili<ij<n<lii)(det{D)reR*. 

In particular, if the identity matrix I E P, then one can take the above D — I, and 
then all (fo^g" 1 must be positive units in R (1 < i, j, s < n). 

The proof of this proposition can be obtained from the proofs of Propositions 
2.2, 2.3 and Theorem 3.1 in [MR] by replacing the integers Z by the real GCD- 
domain R. 

Theorem 2.2. Let (M n (R),P) be an /—algebra with a vl— basis {B^ : 1 < 
i,j < n} over R. If the identity matrix I e P, then (M n (R),P) ^ (M n (R), M n {R + )) 
if and only if the system of equations x^x^ s x~} = (fo^g" 1 (1 < hh s < n ) with 
variables Xi'ji (1 < < n) has positive solutions in R x . Here (1 < i,j < n) 
are as in Proposition 2.1 above for the case D = I. 

Proof. Since / G P, by taking D = I in Prop. 2.1 above, we have BijBj S = 
QijQjsQis 1 Bis- Assume (M n (R),P) = (M n (R) , M n (R + )) , we denote such an isomor- 
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phism by ip. Then {ip(Bij) : 1 < i,j < n} is a vl— basis of (M n (R), M n (R + )) over 
_R. Since {Eij : 1 < i, j < n} is also a t>/— basis of (M n (R) , M n (R + )) over i?, we 
may assume that ip(Bij) = pijE^j^^j), where pij G R x fl f? + . So ip(Bij)ip(Bj S ) = 
QijQjsQi S ip{.Bi S ). Hence PijPj S E u (ij^ v (ij^E u (j tS ^ v (j tS ^ QijQjsQis /^is-^u^s^^s)- If * J 1 
s, then we have i) = v(i, i) and pa = qu. So there exist an a G >S n (the group of 
permutations of a set with n elements) such that ip(B u ) = PuE a ^ a ^. Next, for the 
cases i — j and j = s, we have a{i) = u(i, s) and a(j) = v(i,j), respectively. There- 
fore, there exists a a G S n such that, for every pair i,j we have ip(Bij) = pijE a ^ a ^. 
Now we define a ^-linear map p : (M n (R) , M n (R + )) — > (M n (R), M n (R + )) by 
p(E st ) = -E' -i(s) -i(t). It is easy to verify that p is an automorphism of /—algebra. 
Let t = p o ip, then r is an isomorphism of /—algebras and r(Bij) = PijEij. By the 
above equality B i:j B js = q^q^q^ 1 B is , we get T(B ij )T(B js ) = q ij q js q~ 1 r(B is ), and 
then pijPjsEis = q^q^q' 1 p is E is . Hence PijPjslhs = QijQjsQig 1 , which gives a positive 
solution for the given system of equations. 

Conversely, let x^- = G i? x be a positive solution of the given system 
of equations. We define a .R-linear map ip : (M n (R),P) — ► (M n (R) , M n (R + )) 
by <p(Bij) = PijE^ (1 < z,j < n). Then it can be easily verified that ip is an 
isomorphism of /—algebras. The proof is completed. □ 

Lemma 2.3. The system of equations XijXj S x~} = qijqj S Qi^ (1 < s < n) 
with variables x^ji (1 < i',f < n) in Theorem 2.2 always has positive solutions in 
R x . 

Proof. For any n, Xa = qa are always positive units of R and XijXji = q^qji- 
For the case n = 2, the given equations have a solution x n = qn,x 2 2 = #22, £12 = 
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1, £2i = Qi2Q2i- We use induction on n > 3. If n = 3, then the given system of equa- 
tions has positive solutions in R x if and only if the following system of equations 
(SI) has positive solutions in R x : 

^12^21 = 912921, 
£13^31 = 913931, 



(SI) 



^23^32 — 923932, 
^12^23^r3 X = 9129239115 1 - 



It is easy to see that (SI) has positive solutions in R x . Now for the case n = k, we 
assume that the given system of equations has positive solutions in R x . We want to 
verify the case n — k + 1. To see this note that, just as for the case n — 3, to solve 
these equations in variables x e f,Xf e ,x e g,x ge ,Xfg,Xgf (1 < e < / < g < k + 1) it is 
sufficient to solve the following equations 



(S2) 



XegXge 



x fg x gf ~ QfgQgfi 
XefXfgX-g 1 = qe f q }g q-g l . 
Using this reduction, it is easy to see that the given system of equations in case 

n — k + 1 has positive solutions in R x if and only if so does the system (S3) con- 
sisting of the following four parts 

(S3.1) XijXjsX' 1 = qijqjsqis 1 (1 < ij,s < k), 

^l^+i^fc+i,! — 9i,fc+i9fc+i,ij 
(S3 2) ■' X2 > k + lXk + 1 ' 2 = 92,fc+i9fc+i,2, 



(S3.3) 



%k,k+i x k+i,k = 9fe,fe+i9fe+i,fe, 

^12^2^+1^1^+1 = 91292, fe+l9l,fc+l! 
^13^3,fc+l2:i ife+ i = 9l393,fc+l9l~fc+l' 



^lfc^fe.fc+i^i^+i — 9ife9fe,fc+i9i,fc+i, 



(S3.4) x ijXjMl x it l +1 = q ij q j ,k+iq i t +1 (2 < i < j < k). 
Note that the system (S3. 4) can be deduced from the systems (S3. 3) and (S3.1), that 
is, from the equations XijX jtk+ iX^ +1 = 9ij9j,fe+i9^+i, ^li^.fe+i^^+i = QuQi,k+iQi,k+i 
and xuXijXij = quq^q^ 1 , we get the equations x i:j x jik+1 x~l +1 = 9i?9j,fc+i9 l ~fc + i ( 2 - 
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i < j < k) . So the given system of equations in case n — k + 1 has positive solutions 
in R x if and only if so does the system consisting of (S3.1), (S3. 2) and (S3. 3). By the 
induction hypothesis, (S3.1) has positive solutions in R x . So we can take a solution 
Xij = fiy (1 < i,j < k). So the system consisting of (S3.1), (S3. 2) and (S3. 3) has 
a solution x tj = ^ (1 < i,j < k),x hk+1 = l,x iik+1 = ftift.k+igi^+iAC.i ( 2 < i < 
k),Xk+i,i = x~l +l q iy k+iqk+i,i (1 < i < k), which implies that the given system has 
positive solutions in R x . Therefore, the conclusion holds for the case n — k + 1. The 
proof is completed. □ 

By the above Theorem 2.2 and Lemma 2.3, we obtain the following result, i.e., 
Weinberg's conjecture holds on lattice-ordered matrix algebras over all real GCD- 
domains. 

Theorem 2.4. Let (M n (R),P) be an /—algebra over R with I E P, then 
(M n (R),P)^(M n (R),M n (R+)). 

Theorem 2.5. Any /—algebra (M 2 (R), P) is isomorphic to (M 2 (R), Pa), where 
P A = AM 2 (R + ) for some A E M 2 (R + ) with det(A) E R x . 

Proof. By Proposition 2.1 above, (M 2 (R),P) has a vl— basis B = {B^} (1 < 
i,j < 2) with Bij = qijHDEijH" 1 and BijB rs = djrqijqrsq' 1 B is . From [MW], 
(M 2 (K),P) ^ (M 2 (K),P D ) where P D = DM 2 (K + ) for one of the following three 
matrices D : 

(1) D = I; (2) D = ^ ; (3) D — ^ ^ , where a, b E K and a > b > 0. 
First, for the case (1), the conclusion follows directly from the above Theorem 2.4. 
Next for the case (2), by Proposition 2.1.(2), we have dj r qijq rs ql^ E R + (1 < 
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i,j,r,s < 2). From (i,j,r,s) = (1, 1, 1, 1), (1, 2, 1, 1), (1, 1, 2, 1), (1, 1, 2, 2), we get 
gn,<Zi2,(72i,<7ii<722 G respectively. By Proposition 2.1.(4), we have qnqi 2 q 2 iq 22 G 
i? x . So 512,921,911922 G i? x H Set A = ( 9n ^ J and Xu = x i2 = x 21 = 



K qi2 o 

1, x 22 = <?ii<Z22<?i2 ~<hi ■ Obviously, det(A) G i? x . Also it is well known that, for 
B G M n (i? + ), BM n (R + ) is the positive cone of a lattice order on M n (R) if and only 
if det(.B) G Z? x (see [St2], p.595). So we know that (M 2 (R),P A ) is an /-algebra 
with positive cone Pa = AM 2 (R + ). We define a R— linear map <j> : (M 2 (R), P) — > 
(M 2 (R),Pa) by 4>(Bij) = XijAEij (1 < i,j < 2). By direct computation of various 
subcases that arise from the four cases (j, r) = (2,2), (1, 1), (1,2), (2, 1), it can be 
seen that preserves multiplication. So <fi is an isomorphism of /—algebras. 

For the last case (3), just as done in the case (2) above, by Proposition 2.1 
(2) (4), we have aqi 2 ,bq 22 ,qu,q 21 G R + . We assert that gng 22 = /"<?i2<?2i for some 

( 911 921 \ 
ffi 3 £j£ J , where p tj e R x n R + 
P12 P22 ) 

satisfy = mim. Let i = simL then C G M 2 (R+) with det(C) = (6 - a)t G 

J P11P22 P12P21 P12P21 ' ZV y V / \ / 

i?. By Proposition 2.1, (qi 2 q 22 qiiq 2 i)(det(D)) 2 = (qi 2 q 22 q u q 2 i)(b - a) 2 G R x , so 
t 2 (b-a) 2 E R x , hence det(C) G i? x . Then (M 2 (R), P c ) is an /-algebra with positive 
cone P c = CM 2 (R + ). We define a iZ-linear map 9 : (M 2 (R),P) — > (M 2 (R),P C ) 
by O(Bij) = pijCEij (1 < i, j < 2). Also by direct computation of various subcases, 
it can be seen that 9 preserves multiplication. So 9 is an isomorphism of /—algebras. 
Now we only need to prove our assertion qnq 22 = nq± 2 q 2 i for some (j, G R + HR X . Note 
that aq 12 , bq 22 , q u , q 21 G R + and D = (\ Let / = J2i,j=i hjBij, hj G R, then 

I = hiqnDEu + k 12 qi 2 DE 12 + k 21 q 2 iDE 21 + k 22 q 22 DEu. By direct calculation, 
I = ~^ b DE u + ^- b DE l2 + ^ b DE 2l - ^/J£ 22 . So fc ll9ll = A; 12 g 12 = 
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5=5, k 2 iq 2 i = k 22 q 22 = Let m = m - 1 = ^, then fc 21 g 21 = 

aA;i 2 gi2 = m, fcngn = 6/^22^22 = 1 - m. Let e = (qi 2 q 22 qnq 2 i)(det(D)) 2 , then by 
Proposition 2.1, e G R x . Since i? is a GCD-domain and gcd(m, m — 1) = 1, we have 

(ro) : gcd(m, gn) = 1, gcd(m, 6522) = 1, gcd(m - 1, g 2 i) = 1, gcd(m - l,aq 12 ) = I. 

Since quaq 12 q 21 bq 22 = j^2qnqi 2 q 2 iq 22 (det(D)) 2 = = (m - l)me, by the 

equalities (zu), we get bq\\q 22 — (m — aqi 2 q 2 i = mii 2 , where /xi,//2 £ -R x and 

//1/X2 = £• Since 

aqi 2 q 21 mfi 2 ^ a q\ 2 q 2 \ a a - b [i 2 

bquq 22 (m - l)/ii b q u q 22 a-b b fj,^ 

we obtain that [i = = ^, i.e., gng 22 = ^qi 2 q 2 i, /i <E R x . This proves our 

assertion, and the proof is completed. □ 
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